In this work we numerically calculate the linewidth of a single-mode monolithic Semiconductor Ring Laser (SRL) operating in the unidirectional regime. A new expression for the SRL linewidth is derived from the conventional Henry's formula, and the importance of different physical parameters is discussed. In particular, the linewidth is mainly determined by the SRL diameter, because the waveguide bending loss have a very strong dependence on the diameter. We show that circular SRLs with diameter smaller than 180 µm are unlikely to be operated CW. As a general rule, the linewidth decreases for increasing SRL diameter, and it varies from 15 MHz for 200 µm diameter down to 1 MHz for 2000 µm diameter.
INTRODUCTION
Semiconductor ring lasers (SRLs) are attractive devices because they can be fabricated without the need for cleaved facet mirrors [1] [2] [3] , offering the possibility to be monolithically integrated with other optoelectronic devices. SRLs can support two counter propagating lasing modes, that give rise to a rich phenomenology of operating regimes and dynamics. In particular, SRLs have been demonstrated to operate uni-directionally 4 with the possibility to select the active mode by means of electronic control, and also bi-directionally, either in continuous wave (CW) or in an interesting alternate oscillation regime 5 . Potential application for SRLs range from inertial rotation sensors to photonic devices capable of performing high-speed all-optical signal processing operations. Recently, a device combining two coupled micro-ring laser cavities with an area of 20 x 40 micron squared was demonstrated as ultrafast all-optical switch and optical memory 6 . It is of interest to theoretically investigate the linewidth of single-transversal and single-longitudinal mode SRLs that operate in the unidirectional regime. In fact, the linewidth is of great importance for rotation sensing as well as for alloptical signal processing applications, becauseit can affect the mechanism of directional switching induced by an external optical signal. In this work, the linewidth of a SRL is calculated using Henry's linewidth formula 7 , suitably modified for the case of a monolithic ring cavity. Relevant device physical parameters are identified, and the linewidth is calculated as a function of the SRL diameter, along with other operative parameters such as the threshold current and emitted power.
THEORY

Device geometry and structure
We consider a monolithic SRL like the one schematically depicted in Figure 1a . It is a ridge waveguide circular laser of radius R with an output straight waveguide that is coupled to the ring via a directional coupler. The directional coupler has a power coupling ratio (transmission) represented by T, and, to be more general, we also consider an excess power loss L for the coupler. The cleaved facets of the device are tilted with respect to the output waveguide to avoid reflections at the waveguide ends. The device is supposed to be fabricated in InGaAsP/InP material, with a Multi-Quantum-Well (MQW) active region. The whole ring is pumped through a metal contact, while the output waveguide is passivated (i.e., using MQW Intermixing 11 ). Figure 1b shows a detail of the ridge waveguide, where w is the ridge width and d is the residual thickness of the cladding layer after the etching process, which is supposed to be carried out by a Reactive Ion Etching (RIE) technique. The structure considered here is very similar to that of devices which have been practically fabricated and described in the literature 4, 5 . In Section 2.3 the effects of geometrical parameters R and d on the device performance will be discussed in detail. These effects can be summarised as follows: smaller radii imply an increase of waveguide curvature loss, which can be decreased by increasing the guiding effect of the waveguide, i.e. by decreasing the cladding thickness d. Decreasing d reduces curvature losses, but it also causes an increase of the scattering losses, because of the ridge sidewall roughness that is typically obtained by the RIE process.
Linewidth formula
The well-known Henry's formula for the linewidth of a Fabry-Perot semiconductor laser 7 shall be modified to be adapted to a monolithic SRL that is operated CW in the unidirectional regime. The formula for the circular SRL becomes:
where v g is the group velocity, g mat,th is the material gain at threshold, α m is the mirror loss, P out is the power coupled from the ring cavity to the output waveguide, α is the linewidth enhancement factor 7 , and L and T are, respectively, the excess loss of the output coupler and its power transmission to the output waveguide. The material spontaneous emission factor is defined as n sp,mat = g mat / (g mat -α mat ) 7 , where g mat and α mat [cm -1 ] are, respectively, the net stimulated emission and net absorption coefficients of the active material. At threshold, the material gain equals (α m + α w ), where α w is the total waveguide loss. α w is given by: α w = α int + α sc + α bend , where α int is intrinsic waveguide loss (i.e., caused by free carrier absorption), α sc represents scattering loss caused by ridge waveguide sidewall roughness, α bend represents bending loss. For the considered SRL, the mirror loss is defined as
and the differential quantum efficiency is defined as: [cm]
Device parameters
The bending loss α bend depends on the SRL radius R and on the confinement of the waveguide, which is a function of the residual cladding thickness d. We consider two values: d = 0 nm, and d = 100 nm. 
where J is the current density injected into the active region. The modal material gain is given by: g mat = n w ⋅Γ w ⋅g, where n w = 5 is the number of QWs, and ⋅Γ w = 0.02 is the confinement factor for a single well. We use the following parameters: J 0 = 1500 A/cm 2 , g 0 = 800 cm -1 . The material spontaneous emission factor n sp,mat is another critical parameter, as it represents the effective population inversion of the active medium, and it directly influences the linewidth. An analytical expression can be used 9 :
where E phot is photon energy and ∆E f is the difference between quasi-Fermi levels in conduction and valence band. In the present work we adopt an empirical formula that relates ∆E f to the modal material gain g mat , which is obtained by a comparison of the two latter quantities when they are calculated using a complete quantum-mechanical gain model. We can thus extract a simple relation as follows: ( 6 ) where A = 1.43⋅10 -4 eV⋅cm. Figure 3 reports a plot of n sp,mat vs. g mat calculated using the above approximation, which shows that n sp,mat tends to the asymptotic value of unity for large optical gain, while it reaches large values for small gains.
RESULTS
Simulation strategy
As the total cavity losses exhibit a strong dependence on the SRL radius, it is natural to investigate the linewidth for varying R. In doing this, we consider two values for the cladding thickness d, namely d = 0 nm, and d = 100 nm. Another parameter that we like to vary is the output coupler power transmission factor (T), for which we consider two values: 0.1 and 0.5. All parameters, including fixed and variable ones, are reported in Table 1 . 
Calculated device parameters
The most relevant SRL parameters are calculated as functions of variable parameters, i.e. the SRL radius R, the cladding thickness d, and the coupler transmission T. The total cavity loss is plotted in Figure 4 as a function of R, for the two values of d, and the coupler transmission T. As expected, the total loss is mainly determined by the waveguide loss (which is dominated by scattering or bending loss, depending on the radius), and the mirror loss is negligible. As an example, we have α m = 20.32 cm -1 and 64.03 cm -1 for R = 40 µm, and α m = 0.81 cm -1 and 2.56 cm -1 for R = 1000 µm. The threshold material gain g mat,th equals the total cavity loss calculated above. This allows to calculate the material spontaneous emission factor n sp,mat using equations (5) and (6) . The result is shown in Figure 5 . For small R, the threshold gain is very high, and n sp,mat approaches unity. For larger radii, curvature loss is negligible, and g mat,th is determined by scattering and intrinsic waveguide loss, and, to a smaller extent, by mirror loss. As a consequence, n sp,mat depends on d for larger radii, reaching a value close to 7 for the case of shallower ridge. This value is particularly high if compared to conventional linear cavity semiconductor lasers, and is caused by the low value of the total cavity loss, which requires low population inversion for lasing. This high value for n sp,mat negatively influences the linewidth, as shown by equation (1) . The threshold current density J th is calculated from g mat,th using equation (4), and the results are plotted in Figure 6 . Corresponding threshold current values are plotted in Figure 7 . The minimum allowed ring diameter is 160 µm for the case of deeper ridge waveguide, and it equals 580 µm for the case of shallower ridge. This is an important result, because it states the lower limits of circular SRL dimensions for practical cases. To make smaller SRL feasible, a different approach must be used, with the goal of reducing curvature loss. This can be done either by choosing a deep-etched rib waveguide with a circular geometry (with drawbacks such as increased scattering loss or difficulties in achieving singletransversal mode propagation), or by reverting to a square geometry with shallow-etched waveguides, provided with four Total Internal Reflection (TIR) mirrors at each corner. For the circular SRL considered here, the minimum threshold current equals 32 mA, and it is achieved for 340 µm diameter. Due to the increased scattering loss, devices with deeper ridge exhibit higher threshold currents for large diameters. The different values for the output coupler transmission have negligible impact on the threshold current. It should be noted that the threshold current values calculated for R = 1000 µm are in reasonable agreement with those . To determine the maximum output power for the considered SRLs, we first calculate the differential quantum efficiency η q using equation (3), and we then set a maximum limit for the SRL injected current. The quantum efficiency is plotted in Figure 8 . In this case, a notable difference can be observed for the two transmission values of the output coupler. The quantum efficiency is pretty low, as it hardly reaches 0.1 for T = 0.5. This is due to the fact that the mirror loss is small compared to total waveguide loss. Again, this is a typical feature of circular SRLs, where cavity loss dominates over the mirror loss, contrarily to what happens in conventional edge-emitting linear lasers. The maximum pump current is determined by both stability and heat dissipation considerations. As long as stability is concerned, it is wise not to operate a SRL in CW at currents much larger than twice the threshold current. In fact, for larger pump currents, mode instabilities may arise, thus preventing CW operation on a single longitudinal mode, for which the definition of the linewidth is meaningful. On the other side, heat dissipation sets an upper limit to the maximum current density that can be injected into a SRL (J max ). In the calculations, we determine the output power as a function of the SRL radius in correspondence with the maximum allowed current, by considering the more stringent constraint between the two exposed above. In particular, we set J max = 25000 A/cm 2 . Figure 9 shows the maximum power that can be emitted by the SRL, under the simplifying hypothesis that the output waveguide is passivated, and hence it does not absorb light. The emitted power is plotted only for SRL diameter values that comply with the maximum current density constraint. In fact, as it can be inferred by Figure 6 , for small diameters the required current density to achieve lasing action is far too high. As a matter of fact, for any given set of values for the cladding thickness d and the coupler transmission T, the maximum allowed power is almost constant for varying SRL diameter. This is strictly true only for larger diameters, because for smaller diameters an increase in emitted power is predicted. However, this prediction is unlikely to be observed in real devices, because the increase in power is caused by the very strong increase in the threshold current that occurs when the diameter is reduced below a certain value. In fact, as we set I th = 2⋅I th , an increase of I th at roughly constant differential efficiency implies a higher emitted power. The emitted power is around 5-7 mW for T = 0.5, while it decreases to below 1 mW for T = 0.1, mainly due a reduction in differential quantum efficiency.
Linewidth
As a final result, the linewidth calculated using equation (1) is plotted in Figure 10 , for the case of maximum emitted power (i.e., same conditions of Figure 9 ). The general trend is that linewidth decreases for increasing SRL diameter (the decrease for smaller diameters may be hardly achievable in practice, due to the very high current densities required). For the SRL with deeper ridge, the linewidth is around 14 MHz for 230 µm diameter, and it decreases down to 1.7 MHz for • Based on the above expression, the following considerations can be made to achieve the smallest linewidth for a SRL:
Low total cavity losses are required, hence favouring large radius devices with the shallowest possible ridge waveguide, in order to reduce both curvature and scattering loss. Low mirror losses are preferred, which impliy a low output coupler transmission, along with reduced coupler excess loss. The higher the operating current, the smaller the linewidth, although mode stability issues may arise for strong pumping. A low material spontaneous emission factor n sp,mat is required. This parameter cannot in principle be trimmed, as it is determined by the threshold material gain, which in turns depends on total cavity losses. A possible way to further reduce the linewidth is to adopt a passivation technique within the ring cavity, so that only a short section of the ring is active. In this way, the shorter active region will exhibit a higher population inversion, thus reducing the material spontaneous emission factor n sp,mat , while keeping all other SRL parameters unchanged. 
CONCLUSIONS
We have numerically analysed the performance of a monolithic Semiconductor Ring Laser with a circular cavity. Based on the obtained results, optimum device design rules have been identified, with the purpose of either reducing the threshold current, or increasing the emitted power. 
